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A theoretical characterization method for
non-spherical core–shell nanoparticles by XPS†
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Z. J. Ding *ab

Core–shell nanoparticles (NPs) are active research areas for their unique properties and wide applications.

By changing the elemental composition in the core and shell, a series of core–shell NPs with specific

functions can be obtained, where the sizes of the core and shell also influence the properties. X-ray

photoelectron spectroscopy (XPS) is useful in this context as a means of quantitatively analyzing

such NPs. The empirical formula proposed by Shard [J. Phys. Chem. C, 2012, 116(31), 16806–16813]

for calculating the shell thickness of the spherical core–shell NPs has been verified by Powell et al.

[J. Phys. Chem. C, 2016, 120(39), 22730–22738] through a simulation of XPS with Simulation of Electron

Spectra for Surface Analysis (SESSA) software. However, real core–shell NPs are not necessarily ideal

spheres; such NPs can have rich shapes and uneven thicknesses. This work aims to extend the Shard

formula to non-ideal core–shell NPs. We have used a Monte Carlo simulation method to study the XPS

signal variation with the shell thickness for several modeled non-spherical shapes of core–shell NPs

including some complex geometric structures which are numerically constructed with finite-element

triangular meshes. Five types of non-spherical shapes, i.e. egg, ellipsoid, rod, rough-surface, and star

shapes, are considered, while the size parameters are varied over a wide range. The equivalent radius

and equivalent thickness are defined to characterize the average size of the nanoparticles for the use of

the Shard formula. We have thus derived an extended Shard formula for the specific core–shell NPs,

with which the relative error between the predicted shell thickness and the real thickness can be

reduced to less than 10%.

Introduction

Nanoparticles (NPs), for their high specific surface area, stabi-
lity, and special surface properties exhibited by the nanoscale
size,1,2 have unique physical properties quite different from
their counterpart bulk materials. On the nanometer scale there
are many size-dependent properties—such as, quantum bonding
(semiconductor NPs), plasmon resonance (metal NPs), and super-
paramagnetism (magnetic NPs). Such characteristics render NPs
highly functional. In the NP family, the core–shell nanostructure

is a valuable entity, which can impart higher thermal and
chemical stability, lower toxicity, and better permeability to
specific target cells compared with other NPs.3 In the late 1980s
and early 1990s, researchers discovered that multilayer compo-
site semiconductor NPs had enhanced efficiency and even new
properties, and consequently the core–shell concept became
well-established.4–9 Currently, the study of core–shell NPs is an
active area of research and NPs have found many applications
in chemistry, catalysis, biology, electricity, optics, medicine,
and many other fields.10

For comprehensive NP analysis, different characterization
techniques are necessary. Commonly used techniques include
dynamic light scattering, disc centrifugation, nanoparticle
tracking analysis, tunable resistive pulse sensing,11 atomic
force microscopy (AFM),12 scanning electron microscopy (SEM),
transmission electron microscopy (TEM), thermogravimetric
analysis,13 X-ray photoelectron spectroscopy (XPS), photolumines-
cence and ultraviolet-visible spectroscopy, etc. Since the size of
NPs has a crucial influence on their properties, accurate size
measurement is a chief concern in almost all fields of NP
applications. Dynamic light scattering and NP tracking analysis
can only be applied to ensemble-level NPs, while other
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techniques are compatible with single-NP analysis. Thermo-
gravimetric analysis can be used to determine the quantity of
coating on the surface of metal NPs.13 Tunable resistive pulse
sensing can measure the radius of NPs but cannot measure the
shell thickness of core–shell NPs in detail. Furthermore, the
operation of AFM is complex; and regarding soft or small-sized
NPs, the shape may substantially change from the influence
of the AFM cutting-edge force. In addition, when processing
AFM images, the choice of algorithms considerably influences
the results, which imparts difficulties in obtaining accurate
information.14 Electron microscopy methods like SEM and
TEM can cause significant radiation damage to the material.

In comparison, XPS is an efficient, convenient, and low-cost
measurement spectroscopic technique, which is widely being
used to characterize the chemical properties and composition
of NPs.15,16 Meanwhile, XPS can also provide certain material
size information with very little damage compared to electron
beam methods. Conventional methods for obtaining the thickness
of the overlayer-film material are based on the exponential attenua-
tion approximation for the photoelectron intensity.17,18 However,
it is generally difficult to quantitatively measure the shell thickness
of core–shell NPs because the signal transport process in the
nanostructure is very complicated, while the accurate measurement
of the size of the NPs is essential for most applications.

Baer and Engelhard discussed the impact of nanostructures
on XPS data and the related challenges of understanding
nanostructured materials.19 Davis proposed a method to esti-
mate the mean particle size of metal NPs by using the ratio of
the intensities of two photoemission lines (or Auger lines)20

and several studies that used Davis’s model have yielded
satisfactory estimations of NP size.21–24 Yang et al. proposed a
method for calculating the average size of spherical clusters on
a surface, by using XPS emission intensity ratios.25 Recently,
Shard proposed an empirical formula that uses XPS data to
measure the shell thickness of core–shell NPs.26 Subsequently,
Powell et al. applied this formula to simulations with ideal
core–shell NPs, where both the spherical core and shell were
considered and the shell thickness was taken uniform. They
first considered the case that the core and shell were made of
the same material, Cu, while the signals were Cu 2p3/2 photo-
electrons excited by Al Ka X-rays and found the formula to
be quite satisfactory for determining the shell thickness.27

The Shard formula was also applied to the case of different
core–shell materials and the derived shell thicknesses agreed
well with the assumed values in their simulations.28

The aforementioned breakthrough in developing and experi-
mentally validating the Shard formula facilitates the measure-
ment of the shell thickness of core–shell NPs by XPS. However,
it is worth noting that the current Shard formula can only be
applied to ideal spherical NPs. With the development of con-
trolled synthesis technologies, researchers can now design
various core–shell NP structures in order to obtain different
properties and functions.29,30 Therefore, core–shell NPs are no
longer just in simple sphere shapes, but many different mor-
phological shapes, such as ellipsoids, rods, and stars, are now
available. Quantitative measurement of the size of these NPs

has increasingly become the focus of attention. In the present
work, we extend the Shard formula to non-spherical core–shell
NPs and thus obtain the shell thickness (equivalent thickness)
with a Monte Carlo electron trajectory simulation method,
which can provide a reference for the measurements of the
shell thickness of other real core–shell NPs.

In this context, a Monte Carlo simulation approach is
pertinent. Monte Carlo methods have been extensively employed
over recent decades to simulate the interactions between electrons
and solids for signal analysis in electron microscopy and electron
spectroscopy.31–36 Simulation results were found to be in good
agreement with experiments.37–42 By combining Mott’s cross
section for describing the electron elastic scattering and the
dielectric function for the electron inelastic scattering, we have
developed and applied classic trajectory Monte Carlo (CTMC)
simulation models to SEM,43–52 AES53–56 and reflected electron
energy loss spectroscopy57–64 with different simulation codes.65

This CTMC simulation approach has also been applied to the
analysis of thin film nanomaterials.66–68 Even though one of the
most significant advantages of the MC simulation method is on
easy handling of complex sample geometrical boundaries, the
previous Monte Carlo simulations have been mostly performed
for simple and regular sample geometries until the applications of
various numerical methods to the construction of the material
interfaces.47,49,51,52,69–74 For our present purpose it is necessary to
apply these geometry construction methods to real-world nano-
material morphologies for more comprehensive XPS analyses.
Powell et al. have used the simulation of electron spectra for
surface analysis (SESSA) software,27,28 where the sample structure
was created with the PENGEOM geometry package, which uses
analytic quadric surfaces to construct a NP morphology.75

The PENGEOM package has also been implemented in some
Monte Carlo simulators like PENELOPE.76,77 The complex geo-
metry construction may also be achieved by the combination
of the basic shapes (e.g., spheres, cylinders, blocks etc.) using
the Boolean operations (e.g., union, intersection, difference,
etc.).44,69,78

Here we will use the finite element method which is a more
general method for the construction of an arbitrary complex
structure and interface morphology.49,74 The finite-element
triangular-gridding method is versatile for approximately
describing many real objects, such as an irregular rough surface.
We consider here five core–shell nanostructures with different
chemical elements in the core and the shell and derive an
extended Shard formula for the shell thickness measurement.
Among the five shapes we present, the formulae for the rod and
star shapes seem to not depend on the degree of deformation,
whereas the corrected formulae for the ellipsoid, egg, and rough
surface shapes do depend on the degree of deformation.

Theoretical methods
Monte Carlo model

In a Monte Carlo simulation, the transport process of signal
electrons in materials consists of electron elastic and inelastic
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scattering events, which are randomly sampled with respective
scattering cross-sections. An up-to-date classical trajectory
Monte Carlo approach is applied in the present work for
simulating electron–solid interactions. To describe electron
elastic scattering, we have used the Mott’s cross-section79

combined with Thomas-Fermi-Dirac potential80 for the inter-
action of a kinetic electron with an atom. The expression of the
differential elastic scattering cross-section considering the
relativistic effect is as follows:

dse
dO
¼ f yð Þj j2þ g yð Þj j2 (1)

where y is the scattering angle, f (y) and g(y) are the spin-up and
spin-down scattering amplitudes:

f yð Þ¼ 1

2iK

X
l

lþ1ð Þ exp 2idlþð Þ�1½ �þ l exp 2idl�ð Þ�1½ �f gPl cosyð Þ;

(2)

g yð Þ¼ 1

2iK

X
l

exp 2idl�ð Þ�exp 2idlþð Þ½ �P1
l cosyð Þ; (3)

where h�K is the momentum of the scattering electron, Pl(cos y)
and P1

l (cos y) are the Legendre and the first-order associated
Legendre functions, respectively; dl

+ and dl
� are spin-up and

spin-down phase shifts of the lth partial wave, respectively. The
solution of the Dirac equation for the interaction of the electron
and the atomic potential V(r) leads to the following expression
of the phase shifts:

tandl� ¼

Kjlþ1 Krð Þ � jl Krð Þ
1

c
E �V rð Þ þ c2
� �

tanfl
� rð Þ þ 1

r
1þ lþ k�ð Þ

� �

Knlþ1 Krð Þ � nl Krð Þ
1

c
E �V rð Þ þ c2ð Þ tanfl

� rð Þ þ 1

r
1þ lþ k�ð Þ

� �;

(4)

where jl(Kr) and nl(Kr) are spherical Bessel and Neumann
functions, respectively. The phase shift for each lth partial
wave can be obtained as long as the value of f(rmax) is known,
where rmax is a large value of r such that V(rmax) C 0. Because
eqn (4) is derived from the limit case of V(r) C 0. The TFD
potential has a finite maximum radius, so eqn (4) can be
estimated from this radius. Fig. 1 shows the electron differen-
tial elastic scattering cross sections calculated for C and Au
atoms at some electron kinetic energies. There are several
specific peaks/valleys for heavy elements at low electron ener-
gies (e.g. Au here), which indicate greater/smaller scattering
probabilities at corresponding angles.

Dielectric functional approach is employed to describe
electron inelastic scattering in a condensed medium. The
double differential cross section of inelastic scattering is given
as follows:

d2lin�1

d �hoð Þdq ¼
1

pa0E
Im

�1
e q;oð Þ

� �
1

q
; (5)

where lin is electron inelastic mean free path (IMFP), h�q is
momentum transfer and DE = h�o is the energy loss from an
electron of kinetic energy E = (h�K)2/2m to the material described
by the dielectric function of e(q,o). a0 is the Bohr radius and h� is
the reduced Planck constant.

The experimental data of optical dielectric function, e(o),
compiled in a database81 were used to derive the q-dependent
energy loss function (ELF), Im{�1/e(q,o)}, with the full Penn
algorithm (FPA),82,83 where we have assumed that the electronic
transition in a nanostructure is the same as that in the bulk
state. Since the momentum transfer is related to the scattering
angle, by a variable change the double differential inelastic
scattering cross section in eqn (5) is rewritten as,

d2lin�1

d DEð ÞdO ¼
�h

pa0eð Þ2E
Im

�1
e q;oð Þ

� �
1

q2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E E � DEð Þ

p
: (6)

The differential inelastic cross section in energy loss can then
be obtained from integration over the solid angles, through
which the specific energy loss as well as the scattering angle can
be randomly sampled in a Monte Carlo simulation.34 Fig. 2

Fig. 1 Differential elastic scattering cross sections for electrons inter-
action with atoms of: (a) carbon; (b) gold.
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illustrates the ELFs of bulk amorphous carbon and gold used in
the simulation. Fig. 3 shows the calculated IMFPs for C and Au.

In our Monte Carlo simulation of the photoelectron trans-
portation process, the excitation sites of the photoelectrons are

assumed to be homogeneously distributed within a core–shell
NP considering the large spot size of an incident X-ray. Fig. 4
shows examples of simulated electron trajectories travelling in
a sphere or rod shape C-core/Au-shell NP, where the trajectories
are made of the connected spatial positions of Monte Carlo
sampled electron scattering events. In Fig. 4, for the sake of
visual clarity, the birth positions of the photoelectrons are all
set at the center of a NP. It is seen that most of the excited core
photoelectrons cannot escape from the shell to be detected for
such core and shell sizes; therefore, only those photoelectrons
excited far from the center will be more likely to be the detected
signals.

Fig. 2 The optical energy loss functions of amorphous carbon and gold.81,84

Fig. 3 The inelastic mean free path derived from FPA model for carbon
and gold.

Fig. 4 Projection of 1000 electron trajectories of C 1s photoelectron
signals (284.4 eV) travelling in a C-core/Au-shell NP, where the birth
position of these electrons is set at the center of a NP. Electron trajectories
are terminated when an inelastic scattering event has happened inside the
core–shell NP. The red and blue lines indicate the core and shell surface
respectively. (a) sphere NP; (b) rod NP.
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In addition, photoelectrons are generated in an asymmetrical
angular distribution (Fig. 5) about the incident X-ray direction
according to the following relation,85

I j; bð Þ ¼ 1� b
4
3 cos2 j� 1
� �

; (7)

where j is the angle between the directions of incident X-ray
and of excited photoelectron, and b is the asymmetry parameter
whose value depends on the type of element, subshell and
energy of the photoelectrons (and of course on the excitation
light source); it is given as b = 2.0 for C 1s photoelectrons and
b = 1.04 for Au 4f7/2 photoelectrons excited by Al-Ka X-rays.86

Finite element method

Distinct from use of the quadric surface method of the PENGEOM
software package in SESSA to construct complex configurations,75

a finite-element triangular mesh was used in the present work to
construct the interface of complex structures. The meshing of the
NP interfaces in the present work was all produced with Gmesh.
Gmesh is an open-source and straightforward three-dimensional
finite-element mesh generator,87 with which the grid sizes pro-
duced are essentially the same and can be read in a variety of
formats. Fig. 6 shows the mesh for typically spherical core–shell
NPs, where the core and shell are both spheres and the shell
thickness is uniform. Yet in the present work five typical irregular
NPs are considered; they are egg-, ellipsoid-, rod-, rough-surface,

and star-shaped core–shell NPs, as shown by Fig. 7. The size of the
NPs considered is in the order of 10 nm. Furthermore, we have
considered the deformation of the NPs gradually changing
from ideal central spheres to a morphology of the considered
structure as illustrated in Fig. 8. Regarding the egg-shaped core–
shell NPs in Fig. 8(b.1)–(b.6), a semi-ellipsoid and hemisphere
were combined to form a shell. In this context, the core sphere
and shell hemisphere have an identical center. For the other four
shapes, the core and shell also have the same center position.
Tables 1.1–1.5 in Appendix I show the characteristic para-
meters of each kind of NP. In the present work, we first apply
the Shard formula to the specific structures in Fig. 8, to test the
applicability of the Shard formula for these non-spherical core–
shell NPs.

Shard formula

Shard proposed an empirical formula26 for calculating the shell
thickness of spherical core–shell NPs from the ratio of the XPS
peak intensities of the core and shell elements. Implicit assump-
tions made for the formula are that the photoelectrons travel in
straight lines in NPs and the photoelectron signal intensity
decays exponentially with the distance travelled, where the decay
rate is related to the photoelectron energy and the kind of
material travelled in. Before presenting the Shard formula, an
equation describing the relationship between the XPS signal
intensity ratio (defined as A in eqn (11)) of overlayer and substrate
and the related parameters, i.e. B, C, T, R (B and C are defined in
eqn (12) and (13), T is the thickness of overlayer and R is the
radius of core), has been proposed at first.92 The relationship can
be employed in an iterative manner to determine the overlayer
thickness for NPs of known radius. In order to derive a simple
and direct formula for converting XPS data to the thickness of the

Fig. 5 Photoelectron excitation probability distribution I as a function of
emission angle j and the asymmetry parameter b.

Fig. 6 Schematic of a spherical core–shell structure constructed with a
finite-element triangle mesh.

Fig. 7 Schematic of core–shell NP shapes in experiments: (a) sphere;88

(b) egg-shaped;89 (c) ellipsoid-shaped;89 (d) rod-shaped;90 (e) rough sur-
face;91 (f) star-shaped.90
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overlayer instead of iterative calculation, the methodology used
was to mix the formulae for extreme cases (i.e. for R - 0, R -N

etc.) by using weighting factors and adjusting the relevant para-
meters according to 6000 numerical calculations data. Before
investigating NPs, a formula for predicting the thickness of the
planar overlayer was first derived based on the iterative equation
proposed by Cumpson.93 Accordingly, the formula for the core
radius R -N was derived by retaining the form of a planar case
and optimizing the parameters. By combining the formula for
infinitesimally small particles, the Shard formula for core–shell
NPs with finite value R has then been obtained and the para-
meters are optimized by comparing the numerically calculated
values.

The Shard formula is given as follows:

TS¼

0:74A3:6 lnðAÞB�0:9þ4:2AB�0:41
� �

R

ðRþaÞ A3:6þ8:9ð Þ þbR ðABCþ1Þ1=3�1
� �

1þb
;

(8)

a = 1.8/(A0.1B0.5C0.4); (9)

b = 0.13a2.5/R1.5; (10)

A = I1IN2 /IN1 I2; (11)

B = L1,a/L2,a; (12)

C = L1,a/L1,b, (13)

where I1 is the intensity of detected photoelectrons emitted
from the shell, and I2 is the intensity of detected photoelectrons
emitted from the core. IN1 is the intensity of detected photo-
electrons emitted from a semi-infinite bulk sample of shell
material, and IN2 is the intensity of detected photoelectrons
emitted from a semi-infinite bulk sample of core material. The
geometries of X-ray incidence and photoelectrons detection are
the same for a semi-infinite bulk sample system and core–shell
sample system. Li,j is the electron attenuation length (EAL) of
the photoelectrons that arise from material i and travel through
material j; where i = 1 represents the shell material and i = 2

Fig. 8 Schematic of the considered core–shell NPs with various degrees of deformation: (b.1–b.6) egg, (c.1–c.6) ellipsoid, (d.1–d.6) rod, (e.1–e.6)
rough-surface, (f.1–f.6) star.
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represents the core material; j = a represents the shell material
and j = b represents the core material. All of the lengths in this
formula are in units of L1,a, and thus they are dimensionless
quantities. For example, the radius R in the Shard formula in
the present work denotes the ratio of the core radius to L1,a.
Likewise, the shell thickness Ts, where the subscript ‘‘S’’
represents the original Shard formulation for a spherical NP,
is also represented in the unit of L1,a.

The present work considers C-core/Au-shell NPs, in analogue
to Powell et al.,28 where the signals are C 1s and Au 4f7/2

photoelectrons. The relevant EALs can be estimated either
from the NIST database85 or from predictive formula.94–96 Here
L1,a = 1.29 nm, L2,a = 1.14 nm, L1,b = 3.32 nm. Values of IN1 and
IN2 are derived from our CTMC simulation of semi-infinite bulk
materials.

Results and discussions
Non-spherical core–shell NPs

Fig. 9 illustrates the geometrical configuration of the exciting
source, Al Ka X-ray, and the detector, where T represents the
thickness of shell and D the diameter of core. For non-spherical
NPs, whose equivalent radius and equivalent thickness will be
defined later, there will be an effect of X-ray incident direction.
In this case the geometry of the angle between the direction of
X-ray and the electron detector is still set as fixed while the
orientation of the detector (or equivalently the incident X-ray
direction onto the NP) is changed over the whole solid angles
of space.

Before considering non-spherical core–shell NPs, we first
applied Shard formula on spherical core–shell NPs using our
CTMC method. Our simulation results presented in Appendix II
are almost the same as that of Powell et al.,27 confirming
the accuracy of the present Monte Carlo method. For the

non-spherical core–shell NPs, e.g. the five different types shown
in Fig. 7, the measurement of the shell thickness has always
been difficult. We at first applied directly the Shard formula to
these specific shapes to derive the estimated Ts; we then found
an obvious deviation of the obtained thickness values from
the actual values as represented by the volume equivalent
thickness.

For the inhomogeneous shell thickness of irregularly shaped
core–shell NPs, one needs to define an equivalent thickness for
the representation of an average value of the uneven thickness.
In the present work we used a volume equivalent quantity,
which refers to the fact that a non-spherical NP is equivalent to
a sphere of the same volume. Hence, the radius of the sphere is
a proxy for the equivalent radius estimated from the realistic
volume by

Vc–s = 4pRc–s
3/3; (14)

Vc = 4pRc
3/3, (15)

where Vc–s and Vc are respectively the volumes of a core–shell
NP and of the core, and Rc–s and Rc are the equivalent sphere
radiuses of the core–shell NP and of the core. Hence, the
volume equivalent thickness of the shell is given by,

T = Rc–s � Rc; (16)

For the estimation of the measurement error of the Shard
formula, a relative error between the predicted shell thickness
and the real thickness is defined by,

DTS = (TS � T)/T; (17)

We have performed Monte Carlo simulations for XPS signal
emission from the five non-spherical NPs shown in Fig. 7 and 8
by changing the shape ratio of the core–shell NPs, such that the
NPs gradually deformed from an ideal spherical core–shell NPs
to the core–shell NPs with various distinct shape characteris-
tics. Then we have estimated the shell thickness with the Shard
formula where the core radius R is replaced by the equivalent
sphere radius of core Rc for the rod shape. Fig. 10 compares the
Shard formula predicted shell thickness with the volume
equivalent shell thickness. It can be seen from Fig. 10(a), (b)
and (d) that the closer a NP to a spherical shape, the higher
accuracy of the shell thickness prediction of the Shard formula
is; the accuracy gradually decreases with the deformation
degree. For the rod NPs, the relative error can be as high as
70%, as shown by Fig. 10(c) and (f), which is undoubtedly
related to the large deformation of the rod shape away from the
sphere in the longitudinal direction while the ratio of the core–
shell cross-sectional radius is kept the same. Regarding star
shaped core–shell NPs in Fig. 10(e), the structure is much more
complex than a sphere. Many parameters, like the waist and
length of a star’s arm, and the relative size of the arm and
center ball, can influence the results.

Extended shard formula

Because of the various shapes and sizes of NPs, it is difficult to
obtain a general formula for the shell thickness prediction in

Fig. 9 Geometric conditions of XPS. The X-rays is incident at an angle of
551 with respect to the axis of the detector, and the collection range of the
detector is less than 51.
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Fig. 10 Comparison between the Shard formula predicted shell thickness by eqn (8)–(13) and the volume equivalent shell thickness given by
eqn (14)–(16) made on the Monte Carlo simulated XPS signals emitted from five shapes of core–shell NPs: (a) egg, (b) ellipsoid, (c) rod, (d) rough
surface and (e) star. (f) Relative errors of the estimated shell thicknesses where the numerals for the color bar represent the deformation degree as
shown in Fig. 8.
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this context. Therefore, specific corrections to the Shard for-
mula are made for the specific shapes considered. One may
note from Fig. 10 that the output of the Shard formula, Ts,
has approximately a linear relationship with the actual
shell thickness, T. For a specific shape, we have obtained an
extended Shard formula,

where two parameters for each type of core–shell NPs, k and b,
represent the slope and intercept for linear fitting. TEs is the
shell thickness, where the subscript ‘‘ES’’ represents the
extended Shard formulation for a non-spherical NP, which is
represented in the unit of L1,a. For k = 1 and b = 0, eqn (18) is
equivalent to the Shard formula. The derived values of k and b
from linear fitting are given in Tables 1–5, corresponding to
each shape in Fig. 8.

Fig. 11–15 show comparisons between the Shard formula
and the extended Shard formula predicted shell thickness and
the volume equivalent shell thickness for the egg-, ellipsoid-,
rod-, rough-surface, and star-shaped core–shell NPs. Regarding
each shape of core–shell NPs, Tables 1–5 indicate the values of
the parameters, k and b. The corresponding relative error,

DTES = (TES � T)/T; (19)

has been greatly reduced to less than 10% for all of the various
shapes of NPs considered in this work, which indicates that the
extended Shard formula would be effective for predicting the
shell thickness of core–shell NPs.

For spherical core–shell NPs, the results of shell thickness
determination from our Monte Carlo simulated XPS signals are
close to those of Powell et al.27 and Shard26 by using SESSA
simulations, verifying that the Shard formula is universal for
typical spherical core–shell NPs. In the present work although
we only considered the C-core/Au-shell NPs, the generality of
the extended Shard formula is also expected to be suitable for
other elements in various core/shell architectures as in previous
work.27,28

Summary

The Monte Carlo method has proven to be a valuable tool for
simulating XPS signals for core–shell NPs with various geome-
trical morphologies. However, accurately determining the shell
thickness of irregular-shaped core–shell NPs has been a chal-
lenge in previous research. In this study, we have addressed
this challenge by providing an extended Shard formula that
allows for quick and convenient measurements of shell thick-
ness. Our results indicate that the relative error of the predicted
shell thickness using the extended Shard formula is within 10%
for the five irregular-shaped core–shell NPs investigated.
Further studies could consider more shapes to establish a
reference database.

The XPS method for determining shell thicknesses of core–
shell NPs is a powerful tool that has numerous applications in
both laboratory research and industry. For example, it can be
used to regulate the size of core–shell quantum dots. One
advantage of XPS over other methods, such as TEM, is its
ability to quickly measure a large number of samples.

Table 1 List of the parameters k and b in the extended Shard formula for
egg-shaped NPs and the corresponding relative errors

b.1 b.2 b.3 b.4 b.5 b.6

k 1.0053 0.9011 0.8099 0.7383 0.6810 0.5368
b �0.1201 �0.0424 0.0257 0.0822 0.1297 0.1734
DTS (%) 6.62 12.20 17.90 22.75 26.86 40.98
DTES (%) 1.97 1.11 0.88 1.25 1.50 1.75

Table 2 List of the parameters k and b in the extended Shard formula of
ellipsoid-shaped NPs and the corresponding relative errors

c.1 c.2 c.3 c.4 c.5 c.6

k 0.9962 0.9263 0.8563 0.7944 0.7415 0.7059
b �0.1109 �0.0438 0.0301 0.0998 0.1631 0.1701
DTS (%) 6.62 9.76 13.36 16.85 20.06 21.70
DTES (%) 1.67 0.96 1.51 2.24 2.77 5.34

Table 3 List of the parameters k and b in the extended Shard formula of
rod-shaped NPs and the corresponding relative errors

d.1 d.2 d.3 d.4 d.5 d.6

k 1.9848 2.1517 2.2271 2.2671 2.2836 2.2815
b �0.4513 �0.4706 �0.4785 �0.4803 �0.4865 �0.4861
DTS (%) 48.95 59.15 63.89 66.40 67.74 67.55
DTES (%) 7.70 7.58 7.49 7.46 7.30 7.36

Table 4 List of the parameters k and b in the extended Shard formula of
rough-surface NPs and the corresponding relative errors

e.1 e.2 e.3 e.4 e.5 e.6

k 1.0481 0.9563 0.8636 0.8021 0.7394 0.6843
b �0.1634 �0.0613 0.0970 0.1825 0.3233 0.4688
DTS (%) 5.49 7.55 10.47 13.62 16.27 18.90
DTES (%) 0.96 1.53 2.51 5.29 6.95 8.36

Table 5 List of the parameters k and b in the extended Shard formula of
star-shaped NPs and the corresponding relative errors

f.1 f.2 f.3 f.4 f.5 f.6

k 0.7157 0.6350 0.6121 0.6742 0.7559 0.6866
b 0.1032 0.1818 0.22050 0.1625 0.0888 0.1540
DTS (%) 20.89 24.85 25.56 21.67 17.28 21.15
DTES (%) 1.86 3.71 4.65 3.60 1.98 3.24

TES ¼

0:74A3:6 lnðAÞB�0:9 þ 4:2AB�0:41
� �

RL1;a

ðRþ aÞðA3:6 þ 8:9Þ þ bR ðABC þ 1Þ1=3 � 1
� �

L1;a � bð1þ bÞ

ð1þ bÞk ; (18)
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Fig. 11 Comparison between the Shard formula (eqn (8)–(13)) & the extended Shard formula (eqn (18)) predicted shell thickness and the volume
equivalent shell thickness given by eqn (14)–(16) for the egg-shaped core–shell NPs. The black dots are the results of the Shard formula, and the green
dots are the results of the extended Shard formula. The red line corresponds to the ideal estimation. The six graphs correspond to the egg-shaped
core–shell NPs in Fig. 8(b.1)–(b.6).
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Fig. 12 Comparison between the Shard formula (eqn (8)–(13)) & the extended Shard formula (eqn (18)) predicted shell thickness and the volume
equivalent shell thickness given by eqn (14)–(16) for the ellipsoid-shaped core–shell NPs. The black dots are the results of the Shard formula,
and the green dots are the results of the extended Shard formula. The red line corresponds to the ideal estimation. The six graphs correspond to the
ellipsoid-shaped core–shell NPs in Fig. 8(c.1)–(c.6).
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Fig. 13 Comparison between the Shard formula (eqn (8)–(13)) & the extended Shard formula (eqn (18)) predicted shell thickness and the volume
equivalent shell thickness given by eqn (14)–(16) for the rod-shaped core–shell NPs. The black dots are the results of the Shard formula, and the
green dots are the results of the extended Shard formula. The red line corresponds to the ideal estimation. The six graphs correspond to the rod-shaped
core–shell NPs in Fig. 8(d.1)–(d.6).
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Fig. 14 Comparison between the Shard formula (eqn (8)–(13)) & the extended Shard formula (eqn (18)) predicted shell thickness and the volume
equivalent shell thickness given by eqn (14)–(16) for the rough surface core–shell NPs. The black dots are the results of the Shard formula, and the green
dots are the results of the extended Shard formula. The red line corresponds to the ideal estimation. The six graphs correspond to the rough surface
core–shell NPs in Fig. 8(e.1)–(e.6).
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Fig. 15 Comparison between the Shard formula (eqn (8)–(13)) & the extended Shard formula (eqn (18)) predicted shell thickness and the volume
equivalent shell thickness given by eqn (14)–(16) for the star-shaped core–shell NPs. The black dots are the results of the Shard formula, and the
green dots are the results of the extended Shard formula. The red line corresponds to the ideal estimation. The six graphs correspond to the star-shaped
core–shell NPs in Fig. 8(f.1)–(f.6).
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While our study has focused on the intensity of photo-
electrons, the shape of the peak may also provide useful
information that could be explored in future work. Overall,
our findings demonstrate the potential of XPS as a valuable
technique for characterizing core–shell NPs and highlight the
importance of developing accurate and efficient methods for
determining shell thickness in irregular-shaped NPs.
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