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Abstract—The Isomap is a popular nonlinear dimensionality 

reduction method often used for low-dimensional embedding space. 

When the big data is noisy, Isomap often fails because of the graph 

structure' Short-Circuit Edges (SCE) problem. In this paper, an 

incremental Noise-Reduction Isomap (NR-Isomap) approach is to 

address the SCE problem in a graph structure. The GP kernels are 

combined with the manifold learning approach and provide 

significant results. NR-Isomap is based on the Hessian Locally Linear 

Embedding (HLLE) algorithm with Gaussian Process (GP) kernels. 

The HLLE algorithm provides the optimal solution to the SCE 

problem caused by an overly noisy dataset. NR-Isomap provides an 

answer to the Isomap SCE problem in noisy big data problems that 

cannot be handled using existing methods. Therefore, the GP kernel 

significantly improves and measures the performance of the NR-

Isomap accuracy. Our NR-Isomap method outperforms experiments 

on SK-Learn datasets and shows efficient results compared to 

Isomap. Our NR Isomap is much more efficient and faster compared 

to Isomap. The efficiency and accuracy of the NR-Isomap method are 

demonstrated theoretically and compared with other manifold 

learning methods. 

Keywords—Noise reduction Isomap, Manifold, learning Hessian 

locally linear embedding algorithm, Gaussian process kernels, Big data 

I. INTRODUCTION  

Machine learning developed various models such as Gaussian 
Process (GP), Naïve Bayes (NB), Support Vector Machine (SVM), 
and Hidden Markov Model (HMM). Williams et al. [1] proposed 
GP models for machine learning to solve classification and 
nonlinear regression problems. GP models are expressive, avoid 
overfitting, can be interpret, and provide impressive performance 
in various empirical comparisons [2-4]. GP models can construct a 
direct prior over function instead of parameters based on multiple 
properties like smoothness, periodic, etc. It uses a covariance 
kernel and determines the similarities of the training data points in 
the random function. The choice of kernels profoundly affects the 
performance of the GP on a given input task [5]. 

Manifold learning offers various algorithms for linear and 
nonlinear dimensionality reduction for high dimensional and large 
datasets, such as Isomap [6], Laplacian Eigenmap [7], Locally 
Embedded Analysis (LEA) [8], Principle Component Analysis 
(PCA) [9], Locally Linear Embedding (LLE) [10], Local Tangent 
Space Alignment (LTSA) [11] and Locality Preserving Projection 

(LPP) [12]. Isomap has become a trendy topic in nonlinear 
manifold learning dimension reduction. Tenenbaum et al. [13] 
proposed the Isomap algorithm, which uses the MDS algorithm to 
calculate geodesic distance instead of Euclidean distance. It 
preserves the geometry structure and maps the data in low-
dimensional space. If the dataset is too noisy and sparse, the k 
nearest neighbourhood data points on the manifolds will be far 
apart. If the knn distance between the folds of the manifolds is 
smaller than the knn distance, the Isomap algorithm often fails 
when the SCE problem occurs [14-16]. It is unsuitable for real 
datasets, which are usually infected with noise [17]. Some noisy 
dataset manifolds cannot find the low dimensional manifolds 
because the position of the data points is outside the manifolds. 

In the noisy problem literature, Heeyoul et al. [18] deal with the 
SCE problem in the topological structure and propose Robust 
Kernel Isomap [6]. Choi et al. [19] proposed kernel Isomap for the 
lack of topological stability due to noise and outliers. Hong Chang 
et al. [20] proposed the Robust LLE for noisy datasets, using the 
Weighted-Robust PCA algorithm to eliminate the outliers and 
noise from the data. Bo Li et al. [21] proposed an extended Isomap 
to overcome the noise problem using a robust PCA and box 
statistical algorithm. Chen and Mao [22] suggested LP Center-
based Isomap (LPC-Isomap) for high time complexity, sensitivity 
to outliers and short-circuit edge problems and used k-Nearest 
Center (k-NC) and Linear Patch (LP) algorithms. Chun Du et al. 
[23] proposed a Robust Isomap based on the Neighbor Ranking 
Metric (NRM) method for outliers that can eliminate the outliers of 
selected neighbourhood data points. Ashutosh et al. [15] suggested 
Locally Linear Isomaps (LL-Isomaps) for the problems with SCE 
and noisy datasets. Mahwish et al. [24] proposed the Noise 
Removal Isomap with a classification method (NRIC) for noise 
problems, that reduces noise and increases Isomap performance. 
Shengfeng et al. [25] presented the Robust Supervised Isomap 
method for noise problems in hyperspectral data, and it measures 
the similarities and calculates the triple geodesic distance of the 
Isomap. Alaor et al. [26] suggested ISOMAP-KL for the outliers 
and noise issues in data using a parametric patch-based algorithm. 
Guy et al. [16] presented high-time Topologically Constrained 
Isomap Embedding (TCIE) for removing and detecting 
inconsistent distance problems from Isomap. Yves et al. [14] 
proposed the Density-based Graph Denoising (DGD) method to 
detect the shortest and noisiest datasets. It can create a short 
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circuit-free graph for noisy datasets. All of the previous techniques 
perform well for outliers, noise, and SCE problems but are not 
very efficient. Although these techniques focus only on the noise 
and SCE issues, they are neither accuracy nor time. 

This paper aims to generate a neighbourhood graph on a noisy 
dataset and transform the data points into a low-dimensional 
embedded space. We propose an incremental Noise-Reduction 
Isomap (NR-Isomap) approach to overcome the noise due to the 
occurring SCE problem. NR-Isomap is based on the HLLE method 
which uses GP kernels to reduce the noise in the Isomap. Since the 
HLLE method is an optimal nonlinear manifold learning, it 
becomes significant to maintain the SCE structure after denoising 
the data points [27]. Moreover, the other mainstream of our NR-
Isomap is to compute the accuracy through GP Kernels and 
presents accurate results for big and high-dimensional datasets 
while reducing noise. Because the existing techniques cannot be 
used the GP kernels for the accuracy performance of Isomap. The 
main contributions of this paper can be summarized in three 
aspects: 

1. We propose an incremental NR-Isomap method for 
Isomap. This method can remove noise more efficiently 
than Isomap and produce significantly noise-free results. 

2. We compute the accuracy of the NR-Isomap using GP 
kernels and efficiently simulate and measure the results. 

3. We calculate the time speed of NR-Isomap, which takes 
less time than Isomap. 

The rest of the paper is organized as follows. In section 2, we 
present the detail of Isomap, Dijkstra and MDS. Section 3 
proposed the NR-Isomap method with the HLLE algorithm and 
detailed the Gaussian process. We describe the results and 
discussion on the real-world datasets in Section 4. Finally, in 
Section 5, the paper is concluded.  

II. RELATED WORK 

Tenenbaum et al. [13] proposed the Isomap, which is 

widely used for nonlinear dimensionality reduction. It can 

preserve the global geometry structure of the data points and map 

the data into a low-dimensional embedding [28]. It computes a 

geodesic distance between all data points in the nearest 

neighbourhood [29]. The geodesic distances are calculated as the 

shortest path distance in the closest neighbourhood data points by 

the algorithm of Dijkstra and Floyd's [30], and it generated the 

distance matrix [31]. The steps of the Isomap algorithm [23, 29] 

are given below: 

Algorithm 1: Isomap 

Step-1: If k nearest neighbour data points       an estimate 

the euclidean distance d between two knn data points, 

                       
   via ↋-ball algorithm.  

Step-2: Compute the geodesic distance between all pairs of 

knn data points and estimate the shortest path distance 

           between knn data points through Dijkstra and 

Floyd's algorithms.  

Step-3: It transformed a low d-dimensional embedding 

using the MDS algorithm, which preserves the global 

geometry manifold structure. 

A. Dijkstra Algorithm 

Dijkstra's algorithm can be used for two graph theory 

problems: all-pairs and single-source shortest path. It can find the 

shortest path through the smallest path value between given 

nodes. It generated the resultant matrix for the shortest path 

values. If xi and xj are knn data points, the geodesic distance can 

be determined by the shortest path                the distance 

between    and    by using Eq. (1) [1, 2]. 

  (     )      [  (     )              (     )]      (1) 

B. Multidimensional Scaling (MDS) 

Torgerson [3] has proposed an MDS algorithm that can be 

used for data dimensionality reduction, manifold learning, and 

feature extraction [4]. MDS is used in several research areas, such 

as Data Mining, Cryptography, Multi-objective Optimization, 

Psychology, and Marketing. The basic idea of MDS is to preserve 

the dissimilarity and similarity of the data points in the low-

dimensional embedding space [5]. It can embed the data points 

over the Euclidean distance, which is appropriate for discovering 

the global geometry structure and optimal data representation [2]. 

Isomap is a variant of the classical MDS to model nonlinear data 

points using their geodesic distance. It evaluates the low-

dimensional coordinates by distance matrix           and 

transforms them into low- dimensional embedded data. It possibly 

preserved the geometry structure of the manifold [1, 6].  

III. FROM ISOMAP TO NR-ISOMAP 

This section proposes an incremental NR-Isomap method for 

noise sensitivity due to the SCE problem; then, the Isomap 

algorithm often fails for big data. Choose a data point   

{                           }                  for a test. 

The main goal of our proposed method is to find noise-free data 

points in l low-dimensional space. First, we preprocessed the high 

dimensional datasets through the KPCA algorithm. Second, we 

applied the HLLE algorithm to remove noise from datasets. 

Grimes et al. [7] proposed the HLLE method for the SCE problem 

since Isomap fails in such a case. Therefore, instead of -ball 

algorithms, we used the HLLE algorithm and determined the 

noise-free knn data points. The HLLE algorithm can handle much 

higher dimensional and big data analysis problems than Isomap. 

In addition, we calculate the accuracy of the noise-free data set by 

GP kernel and measure highly accurate results for the large and 

high-dimensional data. 

Algorithm 2: NR-Isomap 

Step-1: We preprocess the data points using the KPCA 

algorithm. 

Step-2: We apply the HLLE algorithm to the preprocessing 

data points to remove the noise from knn data points. 

Step-3: Then, we repeat Isomap steps 3 and 4. Also, we map 

the data into low dimensional embedded data after denoising 

data points. 

Step-4: In the end, we calculate the accuracy via GP Kernels 

and compute the time. 

A. Hessian Locally Linear Embedding (HLLE) 

Donoho et al. [7] proposed a Hessian embedding method. The 

Hessian embedding is also called the Hessian LLE method. The 

Hessian embedding framework is considered a modification of 

LLE, and its theoretical framework is viewed as a Laplacian 

eigenmaps method. Both methods' frameworks are very similar. 

The main difference is that the Hessian operator is used instead of 

the Laplacian operator. HLLE is assured to improve the correct 

manifold if the manifold is locally isometric and connected to the 

subset of Rd [7]. Suppose X is the dataset consisting of the N data 41
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point   {          }                 in high 

dimensional space and lying on a smooth manifold      of the 

intrinsic structure of dimensionality reduction d<D. Therefore, the 

Hessian embedding method aims to find the orthogonal 

coordinates on a tangent space to map an HLLE          
      function. The hessian f at m in tangent coordinate can be 

used as the ordinary hessian of g in Eq. (2). 

  
   (    )  

      

      
                      (2) 

Although different local coordinates can give different 

tangent hessian coordinates, all hessian can share the Frobenius 

norm   
      

   to follow the quadratic Eq. (3). 

         
      

                      (3) 

Where dm is a strictly measured positive probability over 

the manifold M and m is an observation point of the manifold. 

H(f) is measured as the average curvature of the function f on the 

manifold M.            is defined as a function         , 

where     a neighbourhood of the origin, m is a neighbour of 

observation space m. The HLLE algorithm is given below: 

Algorithm 3: Hessian Locally Linear Embedding Algorithm 
Step-1: Find the k Nearest Neighborhood   

k neighbourhood or   neighbourhood method for finding 

the knn of every data point     It calculates the Euclidean 

distance of every knn data point. 

Step-2: Extract Tangent Coordinates 

Perform the PCA and Singular Value Decomposition 

(SVD) methods for obtaining the tangent coordinates from 

   data points.  

Step-3: Construction of Hessian Estimate Function 

Define the infrastructure of the hessian function f by using 

Least Square Estimator (LSE) method. f is a smooth hessian 

function      . 

Step-4: Construction of Hessian Quadratic Function 

Construct the symmetric Hessian matrix Hij, having an ij 

pair of coordinates.  

Step-5: Compute the Embedding of Hessian Estimate 

Function  

Perform an eigenanalysis of Hessian H and identify a d+1 

eigenvector corresponding to the smallest d+1 eigenvalue 

of knn. 

B. Description of GP 

In the machine learning area, GP is based on two theories 

included, Bayesian and Statistical Learning (SL). GP is appropriate 

for handling complex regression problems like Small Sample Size 

(SSS), Strong Generalization (SG), High-Dimensional, Classification, 

and Nonlinear. GP is a collection of random variables, and it extracts 

the finite mean and Covariance Function (CF) from the random 

variables. The CF is often known as a kernel in Gaussian Process 

Regression (GPR). It plays a curial role in the determined shape of 

the prior and posterior of the GPR. Rasmussen et al. [8] have 

described the detail of the GP method and CF in Neural Network 

Algorithms (NNA) [9, 10]. GP commonly uses various kernel 

functions, including Matern Kernel, Radial Basis Function (RBF) 

Kernel, Dot Product Kernel, Rational Quadratic Kernel, and White 

Kernel [11]. The detail of Kernels is given below: 

1) Matern Kernel 

Matern Kernel is derived from the RBF kernel. It has 

additional parameter v, which controls the smoothness of the 

resulting functions. Matern Kernel is parametrized by the length-

parameter l>0, a vector or a scalar with the exact 

input x dimensions. Matern Kernel is given by: 

(     )     

         
( √   (

  

 
 
  

 
))

 

  ( √   (
  

 
 
  

 
))(4) 

2) RBF Kernel 

RBF Kernel is a Gaussian kernel and is often called a 

squared exponential kernel, used to find a regression line and 

nonlinear classification problems. RBF Kernel is 

parametrized by the length-parameter l>0, a vector or a scalar 

with the exact input x dimensions. RBF Kernel is given by: 

   (     )     ( 
 

 
 (

  

 
 
  

 
)

 

)                        (5) 

The RBF Kernel uses the GP as the covariance function to mean 

square derivatives of all orders are very smooth. 

3) Dot Product (DP) Kernel 

The DP Kernel is a non-stationary kernel. It can be 

gained from linear regression by insertion N (0,1) on the 

priority coefficient               and inserting       
   it 

on an a priori basis. The rotation of the dot product kernel is 

unchanged for the origin coordinates. DP Kernel 

parametrized by the   
 =0, which is called the homogenous 

linear kernel. DP Kernel is given by: 

 (     )    
                    (6) 

4) Rational Quadratic (RQ) Kernel 

The RQ Kernel is the mixture of an infinite sum of RBF 

kernels with different characteristics of length scale. RQ 

kernel parametrized by the length-parameter l>0 and the 

infinite kernel mixing parameter α>0, which l is the only 

scalar isotropic parameter. RQ Kernel is given by: 

    (     )  (  
 (     )

 

  
)
  

           (7) 

5) White Kernel 

The primary use of white kernel is as part of sum kernel 

where it explains the noise part of the signal. White Kernel is 

given by: 

( , ) noise-level         if 

0 else

i j i jk x x x x 



 

(     )                                       (8) 

Where the noise-level parameter is equal to the noise of the 

variance. 

IV. RESULTS AND DISCUSSIONS 

In this section, we compared the seven SK-Learn datasets such as 

make_classification [12], make_hastie_10_2 [13], make_moon, 

make_circle and make_blob [14, 15], S_curve and Swiss roll [16, 17] 

datasets with noise NR Isomap results with Isomap. We calculated 

the accuracy of NR-Isomap and Isomap by cross-validating with GP 

kernels. We calculated the accuracy of only five datasets, including 

make_circle, make_classification, make_moon, make_hastie_10_2, 

and make_blob. We used 5K cross-validation to determine accuracy. 

In addition, GP kernels are used both for the algorithm and for 

measuring its performance. 

A. Performance of Noise Reduction-Isomap in the Presence 

of Noise for Data Size (1000 and 1500) 

TABLE I.  EXPERIMENTAL PROPERTIES OF DATASETS 42
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Number of Items Description 

Number of Sample Data Points 1000 

Number of Sample Data Points 1500 

Number of K Nearest Neighbours 10 

Number of Dimensions 2 

Standard Deviation Noise  0.15 

 

As mentioned above, Isomap performance is not well-behaved in 

the presence of noise. We generated a make_circle, 

make_classification, make_moon, make_hastie_10_2 and 

make_blob, Swiss Roll and S_Curve with 1000 and 1500 data points 

for the NR-Isomap and Isomap. Table I shows the experimental 

properties of data sets. We first applied the PCA algorithm, added 

Gaussian noise in the data points (standard deviation noise = 0.15) 

and then used the HLLE algorithm with Dijkstra and MDS 

algorithms with fixed nearest neighbour k = 10. We also have the 

performance of NR-Isomap and Isomap on non-noisy and noisy 

make_circle, make_classification, make_moon, make_hastie_10_2 

and make_blob, Swiss Roll and S_Curve datasets in Figs. 1 to 14. 

1) make_circle Dataset 
We tested the performance of NR-Isomap against Isomap for the 

make_circle dataset. Table I shows the brief detail of the make_circle 

dataset properties. We generated the circle with fixed Gaussian noise 

(standard deviation noise = 0.15), fixed k = 10, and data points = 

1000 and 1500 in Fig. 1 and Fig. 2. We have presented the 

comparative results of the make_circle dataset manifold learning 

techniques and NR-Isomap. Figs 1 and 2 (A) Original circle data 

(1000 and 1500), (B) Isomap, (C) NR Isomap, (D) PCA, (E) Standard 

Locally Linear Embedding (SLLE) and (F) Spectral Embedding (SE). 

We have shown that the NR-Isomap method performs better than 

Isomap and manifold learning techniques in Figs. 1 and 2. The results 

of our method effectively reduced the noise of the circle data set 

instead of Isomap and manifold learning techniques. 

2)  make_blob Dataset 
For the make_blob dataset, we tested the performance of NR-

Isomap against Isomap and different learning techniques. Table I 

specified the short properties of the make_blob data and cannot 

support the noise value. For this reason, we used the make_blob 

dataset without Gaussian noise (standard deviation noise value). In 

Figs 3 and 4, we generated the blob with no noise value, with fixed 

k=10 and data points=1000 and 1500. Figs 3 and 4 (A) original blob 

data (1000 and 1500), (B) Isomap, (C) NR-Isomap, (D) PCA, (E) 

Standard Locally Linear Embedding (SLLE), and (F) Spectral 

Embedding (SE). Figs 3 and 4 show that the NR-Isomap method 

outperforms Isomap and manifold learning techniques and effectively 

reduces the noise of the blob dataset. 

 

 
Fig. 1. Embedding Results of Circle Dataset with 1000 by NR-Isomap and 

Isomap 

 
Fig. 2. Embedding Results of Circle Dataset with 1500 data points by NR-

Isomap and Isomap 

 

 
Fig. 3. Embedding Results of Blob Dataset with 1000 data points by NR-

Isomap and Isomap 

 

 

Fig. 4. Embedding Results of Blob Dataset with and 1500 data points by 

NR-Isomap and Isomap

3) make_classification Dataset For the make_classification dataset, we have shown the 

performance of NR-Isomap compared to Isomap and manifold 43
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learning techniques. We followed the same properties of the 

make_blob record. Also, we used the make_classification dataset 

without Gaussian noise (standard deviation noise value). Figures 

5 and 6 present the classification data with no noise value, fixed 

k=10 and data points=1000 and 1500. Fig. 5 and 6(A) Original 

classification data (1000 and 1500), (B) Isomap, (C) NR-Isomap, 

(D) PCA, (E) Standard Locally Linear Embedding (SLLE) and 

(F) Spectral Embedding (SE) Figs 5 and 6 show that the NR-

Isomap method offers better performance than Isomap and 

manifold learning techniques, and efficiently reduces noise from 

the classification dataset. 

 
Fig. 5. Embedding Results of Make_classification Dataset with and 1000 

data points by NR-Isomap and Isomap 

 
Fig. 6. Embedding Results of Make_classification Dataset with and 1500 

data points by NR-Isomap and Isomap 

4) make_moon Dataset 
For the make_moon dataset, we demonstrated the 

performance of NR-Isomap versus Isomap and manifold learning 

techniques. We followed the same properties of the make_blob 

data. Also, we used the make_moon dataset without Gaussian 

noise (standard deviation noise value). In Figs 7 and 8, we have 

presented the moon data with no noise value, fixed k=10 and data 

points=1000 and 1500. Figs. 7 and 8(A) Original moon data 

(1000 and 1500), (B) Isomap, (C) NR-Isomap, (D) PCA, (E) 

Standard Locally Linear Embedding (SLLE) and (F) Spectral 

Embedding (SE). Figs 7 and 8 show that the NR-Isomap method 

offers better performance than Isomap and manifold learning 

techniques and efficiently reduces noise from the moon dataset. 

 
Fig. 7. Embedding Results of Make_moon Dataset with and 1000 data 

points by NR-Isomap and Isomap 

 
 

Fig. 8. Embedding Results of Make_moon Dataset with and 1500 data 

points by NR-Isomap and Isomap 

5) make_hastie_10_2 Dataset 
For the make_hastie_10_2 dataset, we presented the 

comparative performance of NR-Isomap versus Isomap and 

manifold learning techniques. We followed the same properties of 

the make_blob record. Also, it cannot support Gaussian noise 

(noise value of standard deviation). In Figs 9 and 10, we 

generated the hastie_10_2 data with no noise value, fixed k=10, 

and data points=1000 and 1500. According to Figs. 9 and 10(A) 

Original classification data (1000 and 1500), (B) Isomap, (C) NR-

Isomap, (D) PCA, (E) Standard Locally Linear Embedding 

(SLLE) and (F) Spectral Embedding (SE). Figs 9 and 10 

demonstrate the significant performance of NR-Isomap versus 

Isomap and manifold learning techniques, efficiently reducing 

noise from the hastie_10_2 dataset.  

44
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Fig. 9. Embedding Results of Make_hastie_10_2 Dataset with and 1000 
data points by NR-Isomap and Isomap 

 

 
Fig. 10. Embedding Results of Make_hastie_10_2 Dataset with and 1500 

data points by NR-Isomap and Isomap

6) Swiss Roll and S_curve Datasets 
For Swiss Roll and S_Curve datasets, we tested the performance 

of INR-Isomap versus Isomap and several learning techniques. In 

Figs 11 to 14, we generated the Swiss Roll, and S_Curve fixed 

Gaussian noise (standard deviation noise = 0.15), fixed k = 10 and 

data points = 1000 and 1500 according to Table I. 11 to 14 presented 

the comparative performance of (A) original Swiss-Roll data (1000 

and 1500), (B) Isomap, (C) INR-Isomap, (D) PCA, (E) Standard 

Locally Linear Embedding (SLLE ), and (F) Spectral Embedding 

(SE) for Swiss Roll and S_Curve dataset. Figs 11 to 14 show that the 

INR-Isomap method outperforms Isomap and manifold learning 

techniques for 1000 and 1500 data points. The results of INR-Isomap 

significantly reduced the noise of the Swiss roll and the S_Curve 

dataset compared to Isomap and manifold learning techniques.  

 

 
Fig. 11. Embedding Results of Swiss Roll Dataset with 1000 data points by 

NR-Isomap and Isomap 

 
Fig. 12. Embedding Results of Swiss Roll Dataset with 1500 data points by 

NR-Isomap and Isomap 
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Fig. 13. Embedding Results of S_Curve Dataset with 1000 data points by NR-

Isomap and Isomap 

 
Fig. 14. Embedding Results of S_Curve Dataset with 1500 data points by NR-

Isomap and Isomap 

 

 

 

B. Performance of Accuracy and Time of NR-Isomap and 

Isomap  

In this section, we calculated the accuracy and time required 

for the make_circle, make_blob, make_moon, 

make_classification, and make_hastie_10_2 datasets. We also 

compared NR-Isomap with Isomap. Table II shows the accuracy 

comparison of the five Gaussian kernels, including Matern, RBF, 

dot product (DP), rational quadratic (RQ), and white for 1000 data 

points. For the make_circle data, Matern Kernel achieved 0.98% 

accuracy, RBF 0.97%, DP 0.96%, RQ 0.95%, and White Kernel 

0.94% accuracy. Although Isomap (Matern and RBF) was 

performed with an accuracy of 0.89% to 0.85%. For the 

make_moon data, Matern and RBF achieved 0.93% accuracy, DP 

and RQ 0.91%, and White kernel achieved 0.90% accuracy. While 

Isomap (Matern and RBF) achieved 0.91%, DP 0.90%, RQ and 

White have an accuracy of 0.89%. For the make_blob data, 

Matern and RBF have achieved 0.95% to 0.94% accuracy, DP 

0.93%, and RQ and white core have achieved 0.92% accuracy. 

While Isomap (Matern and RBF) achieved an accuracy of 0.89% 

to 0.87%, DP and RQ achieved 0.86%, and White Kernel has 

achieved 0.85% accuracy. For make_hastie_10_2 data, Matern 

and RBF have 0.78%, DP and RQ 0.76% to 0.75%, and white 

kernel has achieved 0.74% accuracy. Although Isomap (Matern 

and RBF) achieved an accuracy of 0.66% to 0.65% with 0.70% to 

0.69%, DP 0.68%, RQ and white kernels. For make_classification 

data, Matern and RBF are 0.85%, DP and RQ are 0.82% to 

0.80%, and the white kernel has achieved 0.79% accuracy. In 

comparison, Isomap (Matern and RBF) achieved 0.78% to 0.77% 

accuracy with 0.82%, DP 0.80%, RQ, and white kernels. In 

addition, Fig. 15 shows the accuracy comparison performance of 

data size 1000 between NR-Isomap and Isomap with the five 

datasets. In Fig. 15 it can be seen that NR-Isomap can achieve 

higher accuracy performance over Isomap. NR-Isomap performs 

better than Isomap with Gaussian kernels. 

 
Fig. 15. Accuracy of Data Size (1000) 
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TABLE II.  ACCURACY OF DATA-SIZE (1000) 

Kernels 

make

_circl

e-Iso 

make

_circl

e-NR-

Iso 

make

_blob

-Iso 

make

_blob

-NR-

Iso 

make_

moon-

Iso 

make_m

oon-NR-

Iso 

make_hast

ie_10_2-

Iso 

make_hastie

_10_2-NR-

Iso 

make_classi

fication-Iso 

make_classi

fication-NR-

Iso 

Matern 0.89 0.98 0.89 0.95 0.91 0.93 0.70 0.78 0.82 0.85 

RBF 0.85 0.97 0.87 0.94 0.91 0.93 0.69 0.78 0.82 0.85 

DP 0.84 0.96 0.86 0.93 0.90 0.91 0.68 0.76 0.80 0.82 

RQ 0.84 0.95 0.86 0.92 0.89 0.91 0.66 0.75 0.78 0.80 

White 0.83 0.94 0.85 0.92 0.89 0.90 0.65 0.74 0.77 0.79 

TABLE III.  ACCURACY OF DATA SIZE (1500) 

Kernels 

make

_circl

e-Iso 

make

_circl

e-NR-

Iso 

make

_blob

-Iso 

make

_blob

-NR-

Iso 

make_

moon-

Iso 

make_

moon-

NR-Iso 

make_hastie

_10_2-Iso 

make_hastie

_10_2-NR-

Iso 

make_classi

fication-Iso 

make_classi

fication-NR-

Iso 

Matern 0.92 0.99 0.89 0.93 0.90 0.92 0.69 0.75 0.84 0.91 

RBF 0.92 0.98 0.89 0.93 0.90 0.91 0.69 0.75 0.83 0.90 

DP 0.87 0.98 0.88 0.92 0.89 0.91 0.67 0.74 0.82 0.90 

RQ 0.87 0.95 0.86 0.90 0.88 0.90 0.65 0.72 0.82 0.89 

White 0.85 0.94 0.86 0.90 0.86 0.90 0.60 0.70 0.80 0.87 

 

According to Table III, we calculated the accuracy 

comparison of the five datasets with Gaussian kernels such as 

Matern, RBF, DP, RQ, and White for 1500 data points. For the 

make_circle data, Matern, RBF, and DP kernels achieved an 

accuracy of 0.99% to 0.98%, and the White kernel achieved an 

accuracy of 0.94%. However, Isomap achieved an accuracy of 

0.92% for both Matern and RBF kernels. For make_blob data, 

NR-Isomap achieved 0.93% accuracy (Matern and RBF kernels), 

and DP kernel has achieved 0.92% accuracy against Isomap. For 

make_moon data, NR-Isomap achieved an accuracy of 0.92% to 

0.91% (Matern, RBF, and DP kernels), and the RQ kernel 

achieved 0.90% accuracy against Isomap of 0 .90% to 0.86%. For 

the make_hastie_10_2 data, Matern and RBF kernels have 

achieved 0.75% accuracy, and the white kernel has achieved 

0.70% accuracy. However, Isomap has achieved an accuracy of 

0.69% to 0.60% for matrices, RBF, and white kernels. For 

make_classification data, NR-Isomap achieved an accuracy of 

0.91% to 0.87% compared to Isomap accuracy (0.84% to 0.80%). 

From Fig. 16, it can be seen that NR-Isomap can achieve higher 

accuracy than Isomap when the data size is 1500. As the number 

of data points increases, the accuracy of Isomap decreases. NR-

Isomap outperforms Isomap with Gaussian kernels for both data 

points (1500, 1000). 

 

 

 

 

 
 

Fig. 16. Accuracy of Data Size (1500) 

 

TABLE IV.  TIME COMPARISONS BETWEEN NR-ISOMAP AND ISOMAP 

DATASETS 
ISOMAP-

(1500) 

NR-

ISOMAP-

(1500) 

ISOMAP-

(1000) 

NR-

ISOMAP-

(1000) 

MAKE_CIRCLE 5.5 0.2 4.5 2.2 

MAKE_BLOB 10.5 7.5 3.5 2.6 

SWISS ROLL 7.1 6.3 3.2 2.2 

S_CURVE 5.2 4.7 3.5 2.5 

MAKE_HASTIE_10_2 2.9 1.15 0.11 0.9 

MAKE_CLASSIFICATION 10.5 0.24 0.81 0.2 

MAKE_MOON 11.6 0.5 0.75 1.8 
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Fig. 17. Time Comparisons between NR-Isomap and Isomap 

In Table IV, we have presented the time comparison between NR-

Isomap and Isomap with seven datasets. According to 1500 data 

points, NR-Isomap time speed is faster than Isomap for the 

datasets make_circle (0.2), S_Curve (0.4), and make_moon (0.5). 

NR-Isomap generated the circle within 0.2 compared to Isomap. 

The time of the make_circle dataset tends to be the lowest 

compared to the other datasets. For 1000 data points, NR-Isomap 

time rate is significantly slower than Isomap. NR-Isomap 

generated the circle and Swiss roll within 2.2 seconds compared 

to Isomap. make_classification and make_moon times (0.2 and 

1.8) are faster than other datasets. However, Isomap time speed is 

faster at 1000 data points than at 1500 data points. Fig. 17 shows 

the comparative time performance between NR-Isomap and 

Isomap with seven-datasets. We can see that the NR-Isomap time 

is quite good than Isomap. Moreover, NR-Isomap can reduce the 

time speed and provide accurate results compared with Isomap. 

Our NR-Isomap is faster and saves time, especially for large and 

high-dimensional datasets. 

V. CONCLUSION 

The major limitation of Isomap is noise sensitivity due to the SCE 

problem. We introduced an incremental NR Isomap based on the HLLE 

algorithm with GP kernels. The HLLE algorithm produces optimal results 

for the noisy big data sets and reduces the SCE problem more efficiently 

than Isomap. In the experimental results, we calculate the accuracy 

performance of the NR-Isomap method based on the five GP kernels. We 

compared five GP kernels with NR-Isomap and Isomap. Our proposed 

approach works better with GP kernel, k and Gaussian noise values than 

Isomap. Moreover, GP kernels are used both for the algorithm and for 

measuring its performance. Also, we estimate the time comparison 

between NR-Isomap and Isomap. The time of NR Isomap is several times 

lower than that of Isomap. In future work, we will focus on deep learning 

methods. 
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